We prove that in a non-isotropic Euclidean space, homogeneous Lipschitz spaces of distributions, defined in terms of (generalized) Weierstrass integrals, can be characterized by means of higher order difference operators. The main purpose of this paper is to prove that, in the homogeneous case, these two points of view give rise to equivalent spaces of non-isotropic R".
Non-isotropic homogeneous Lipschitz spaces 241
A fundamental solution of a suitable hypoelliptic differential operator provides a kernel with the required properties in the case when the dilations are diagonal and with rational eigenvalues (see [4] for related kernels on nilpotent groups).
Non-isotropic Lipschitz spaces had previously been studied also by A. Torchinski (see [20] ) from a very general point of view. However he considered non-homogeneous spaces and his treatment did not cover the case p -1; moreover his methods are considerably less direct and elementary than ours. For some related results and material about Lipschitz spaces see also [10] (on the Heisenberg group), [3] , [4] and [6] (on stratified groups) and [11] , [14] (in a very general context).
Our paper is organized as follows. In Section 1 we define A p k ' q a to be the space of tempered distributions whose generalized Weierstrass integral satisfies a suitable growth condition and prove that A p k ' 9 a /p k are equivalent provided k > a. Note that our proof is elementary and does not involve the theory of the Morrey-Campanato spaces. As a consequence of the techniques developed, we obtain a useful characterization of Lipschitz spaces and we give an application to non-isotropic Bessel potential operators.
In Section 2 we prove our main result, the equivalence between Lipschitz spaces defined in terms of (generalized) Weierstrass integrals and in terms of higher order difference operators.
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Notation
Suppose that {A t } t>0 is a group of linear transformations R" of the form
W e s e t p = ( p i , . . . , p n ) , a n d Q = pi + ••• + p n i s t h e h o m o g e n e o u s dimension of R". We shall write tx instead of A t x. We use standard notation for multi-index; |/| will denote the length of / and its homogeneous length is defined as d(I) = p\i\ + •• • + p n i n -The set of the numbers of the form d (I) , when / ranges over the multi-indices, is denoted by
J is a polynomial we say that P has homogeneous degree r if r = max{d (I) 
We use the following notation for derivatives use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700031670 Stefano Meda [3] If r e F(p), r > 0, we denote by p r the linear space of the polynomials of homogeneous degree strictly less than r. Finally C will denote a constant, not necessarily the same in two different formulas.
The spaces
are easily seen to be hypoelliptic (in R" and R n+l , respectively); L is positive and will play the role of -A. We also need a substitute for the Weierstrass kernel, which is given by the next proposition. PROPOSITION use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700031670
There exists a fundamental solution K(x,t) of d t + L which vanishes for all t < 0 and such that
(ii) Suppose first that k\ is the antecedent of 2 ' u |/|=5 \J\<s (here .s denotes any integer such that s > k 2 ). Consider the coefficients D J f(0, t) of the terms of maximal homogeneous degree (that is of homo-
which tends to 0 as t -> oo. Let now P^ be any polynomial in p kl such that the coefficients of its leading terms (that is the terms of homogeneous degree k x ) are exactly
Notice that Poo(x, t) is in p kl as a function of x for every fixed t > 0. Moreover its leading terms coincide with cj, as is easily seen by inspection, and do not depend on t. Now form the difference ( / -/ > oo )(x, t). From the above discussion it follows that for every multi-index / of homogeneous length k\
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700031670 In the case p = q -oo, a proof of part (ii) of Theorem 1.5 was given by Soardi in [15] , while a related isotropic result can be found in [12] . However the techniques used in [15] are entirely different from ours. The proof is based on the isomorphism between A^0 0 and the Morrey-Campanato spaces L(k, oo, aQ) (see [15] for the notation) and on the study of the properties of these spaces. Our proof is more direct and gives the result for all p, q.
(c) The following statement is a simple consequence of the definitions. 
CN%(f) < CN™{f

In fact, if d(I) > y -Q/p WD'G^t)^ < C r Jo
<C f°° r ylD e~r{r + t)-(d(I)+Q
The last inequality follows integrating by parts. The techniques previously developed permit us to prove without difficulty the following result (see also [18] and [8] [10] for some mapping properties of non-isotropic Riesz potentials) can be transferred without difficulty to the non-isotropic setting.
The main result
Let (see [15] for details). For every smooth function <j) and every k e F{p) we define the nonisotropic fcth order difference centered at x as as t\, ti -y 0 and the case p -1 follows. Now, by homogeneity
Then / is the sum of a slowly increasing function and of an LP function, since We only need to show that / coincides with / . This follows from the easily
REMARK. The idea of considering the expression J A k h f(x,s)K(h,t)dt is taken from [7] , where a similar but isotropic case is treated.
We are now ready to prove our main result. THEOREM 
(i) There is a constant C > 0 such that for every f € A™, we have M™(f) < CN™(J).
(ii) There is a constant C > 0 such that for every locally integrable function f {locally bounded if p = oo) satisfying M£ g (f) < oo, we have CM»(f).
PROOF, (i) Suppose that / € A£ 9 and let k e F(p) be > a. Then by Lemma 2.2 / is a locally integrable function. Let S"~l denote the unit sphere in R" and let h = r£, the non-isotropic polar decomposition of h. Set Since K{-, 1) is a Schwartz function, its least decreasing majorant is integrable so that (see [16, REMARKS, (a) The technique used in (ii) of the proof of Theorem 2.4 is a refinement of some ideas of I. Inglis (see [10] ; and [5] , [15] for related matters).
(b) Sometimes it is more convenient to use moduli of smoothness instead of difference operators. For every / e S'(R") which is locally integrable (locally bounded if p -oo) set (here co k (t,f,D>) = sup o< |,,|<, ||A*/|| P ). Clearly Mf£(f) < L™ a . In fact these two norms are equivalent in X™. A simple proof can be accomplished by using the following inequality co k (t,f,L")<c(u-gl \\ p + V
d(I)>k
We refer the reader to [15] for the notation used here and the proof of the above inequality.
